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An evaluation of the Gaussian sum which is suggested by Schur’s argument 
but seems tidier. 
Let p be an odd prime. Let V be the space of complex functions on the 
multiplicative group (Z/pZ)*. Let fi ,fi ,...,fDeI be the characteristic 
functions of points; they are one natural basis of V, and the characters x 
of the group are another. Let 5 = exp(2ri/p), and define a linear map B 
by Bfk = C c”“fn . Then x = C x(k)f, , so if we set T(X) = 1 x(n) 5” 
we find Bx = T(X) R. We have x = x only for the trivial character and the 
quadratic character. Thus in this basis the matrix of B contains two 
diagonal entries, namely T(Xtriv) = -1 and T(x~,&, and a collection of 
blocks 
i 
0 4x) 
a ) 0 . 
Now take determinants. Each block contributes 
4x) a = -x(-l) I 4x)1” = -PX(--1). 
We have x(- 1) = - 1 iff x is an odd power of a generator of the dual 
group; hence the number of (- 1) factors we pick up is the number of 
odd k with 1 < k < (p - 1)/2, which is [(p - 1)/4]. Thus 
det B = (- 1) T(x~,&( -p)Q+3)/2 (- 1)[(p-11/41. 
But just as in Schur’s proof [l, pp. 350-3531 we can compute that 
det B = det(c”“) is a positive quantity times (-l)(p-1)/2 i(D-1)o’-2)/2. 
Comparing these gives the sign of T(X4uad). 
Note also that comparing the traces gives 7(Xquad) = x:-’ 5”“. 
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